Introduction
The transversity distribution ∆ T f (x, Q 2 ) is one of the three possible quarkonic twist-2 parton distributions besides the unpolarized quark density f (x, Q 2 ) and the longitudinally polarized density ∆f (x, Q 2 ). Unlike the latter distributions, it cannot be measured in inclusive deeply inelastic scattering since the corresponding contribution is ∝ m 2 q /Q 2 , [1] , with m q a light quark mass and Q 2 the virtuality of the exchanged gauge boson. It can be extracted from deepinelastic scattering studying isolated meson production, also called semi-inclusive deeply-inelastic scattering (SIDIS), [2, 3] , and in the polarized Drell-Yan process [3] [4] [5] .
1 Measurements of the transversity distribution in different polarized hard scattering processes are currently performed or in preparation [7] . In the past phenomenological models for the transversity distribution were developed based on bag-like models, chiral models, light-cone models, spectator models, and non-perturbative QCD calculations, cf. [8] . The main behaviour of the distributions is that they vanish by some power law both at small and large values of Bjorken x and exhibit a shifted bell-like shape. First attempts to extract the distributions out of data were made in Refs. [9] . The moments of the transversity distribution can be measured in lattice simulations, which help to constrain it ab initio. First results were given in Refs. [10] . From these investigations there is evidence, that the up-quark distribution is positive while the down-quark distribution is negative, with first moments between 0.85 . . . 1.0 and -0.20 . . . -0.24, respectively.
The scaling violations of the transversity distribution were explored in leading-, [5, [11] [12] [13] 2 , and next-to-leading order, [15] [16] [17] . 3 In Ref. [12] also the method proposed in [19] was used to calculate the anomalous dimension. At three-loop order the moments N = 1 to 8 for the anomalous dimension are known [20] . For the calculation of the scattering cross sections also the corresponding Wilson coefficients have to be known. In case of SIDIS these corrections have not yet been calculated. For the transversely polarized Drell-Yan process the O(α s ) Wilson coefficient was derived in Ref. [17] based on [21] and at higher orders the contributions due to soft-resummation are available [22] .
The scattering cross sections dominated by the transversity distribution receive heavy flavor corrections, although transversity itself is a flavor non-singlet distribution. These contributions reside in the corresponding Wilson coefficients. In deep-inelastic processes the heavy flavor Wilson coefficients factorize into massive operator matrix elements (OMEs) and the light flavor Wilson coefficients at large enough momentum transfer Q 2 ≫ m 2 , as was shown in Ref. [23] , with m the heavy quark mass. In this way all contributions except the power corrections (m 2 /Q 2 ) k , k ≥ 1 can be calculated. The massive OMEs derive from the twist 2 operators emerging in the light-cone expansion between on-shell states and are process independent quantities. The formalism proposed in Ref. [23] has been applied successfully to calculate the asymptotic heavy flavor Wilson coefficients at O(α 2 s ) [23] [24] [25] in unpolarized and polarized deep-inelastic scattering. For F L (x, Q 2 ) the asymptotic heavy flavor corrections to O(α 3 s ) were calculated in Ref. [26] . A series of Mellin moments for the asymptotic heavy flavor Wilson coefficients contributing to the structure function F 2 (x, Q 2 ) at O(α 3 s ) have recently been computed in Refs. [27, 28] .
In the present paper we apply this formalism to the tensor-operator defining the flavor nonsinglet transversity distribution, and limit the consideration to contributions of twist 2 and the collinear parton model. We calculate the O(α 2 s ) corrections for the flavor non-singlet OME of 1 For a review see Ref. [6] . 2 The small x limit of the LO anomalous dimension was calculated in [14] . 3 For calculations in the non-forward case see [12, 18] .
transversity for general values of the Mellin variable N. At O(α 3 s ) the OME is computed for individual Mellin moments N = 1 to 13. The 2-loop calculation verifies the T F -terms of the transversity anomalous dimension of former NLO calculations [15] [16] [17] . In the 3-loop calculation we obtain the moments for the complete 2-loop anomalous dimension, which appears in the double pole term in the dimensional parameter ε = D − 4. Furthermore, the T F -contributions to the 3-loop anomalous dimension are obtained from the single pole term, which can be compared to the results in [20] for N = 1 to 8, while the T F -terms of the anomalous dimension for N = 9 to 13 are new. The results for the massive OME for transversity given in the present paper are related to future lattice simulations with (2+1+1)-, resp. (2+1)-dynamical fermions. The heavy flavor contributions are also of relevance for the Soffer bound for transversity [29] .
The paper is organized as follows. In Section 2 we summarize the main relations for semiinclusive scattering cross sections in the leading twist approximation from which the transversity distribution can be determined. Here, as in the case of inclusive deep-inelastic scattering, tagging on charm-mesons allows to measure the charm contribution directly in high-luminosity experiments. The method to calculate the heavy flavor corrections in the asymptotic region is briefly described. In Section 3 we calculate the O(α 2 s ) massive operator matrix element. The Mellin moments of the OME at O(α 3 s ) are computed in Section 4. In Section 5 we discuss the heavy flavor contributions to the Soffer bound and Section 6 contains the conclusions. In the Appendix we summarize the T F -parts of the 3-loop anomalous dimension for transversity and the moments of the constant part O(ε 0 ) of the un-renormalized O(α 3 s ) massive OME for the Mellin moments N = 1 to 13. For details concerning the calculation and renormalization of massive non-singlet OMEs we refer to Ref. [27] .
Basic Formalism
The transversity distribution
contributes to a large variety of scattering processes, cf. [6] . Here ↑ (↓) denote the transverse spin directions. Eq. (1) describes the transversity distribution obtained in the light-cone expansion at twist 2 or in the collinear parton model. For other phenomenological applications one may introduce k ⊥ -effects for this distribution, [6] . This, however, has consequences for the twist expansion and the renormalization of the corresponding processes, when calculating them to higher orders. We will therefore restrict the analysis to the level of twist 2 and consider only processes which are free of k ⊥ -effects, or after these were integrated out in the final state. For semi-inclusive deeply inelastic charged lepton-nucleon scattering lN → l ′ h + X the Born cross section, after the P h⊥ -integration, is given by, [6] ,
Here, in addition to the Bjorken variables x and y, the fragmentation variable z occurs. S ⊥ and S h⊥ are the transverse spin vectors of the incoming nucleon N and the measured hadron h. The angles φ S,S h are measured in the plane perpendicular to the γ * N (z-) axis between the x-axis and the respective vector. The transversity distribution can be obtained from Eq. (2) for a transversely polarized hadron h by measuring its polarization. The functions
Here, ⊗ denotes the Mellin convolution, D i , ∆ T D i are the fragmentation functions and 
For brevity we dropped arguments like m 2 , the factorization scale, µ 2 , and the number of light flavors, N f , in Eq. (7).
Eq. (2) holds for spin-1/2 hadrons in the final state, but the transversity distribution may also be measured in the lepto-production process of spin-1 hadrons, [30] . In this case, the P h⊥ -integrated Born cross section reads
Here, the polarization state of a spin-1 particle is described by a tensor with five independent components, [31] . φ LT denotes the azimuthal angle of S LT , with
H a,1,LT (z, Q 2 ) is a T -and chirally odd twist-2 fragmentation function at vanishing k ⊥ . Process (8) has the advantage that the transverse polarization of the produced hadron can be measured from its decay products.
The transversity distribution can also be measured in the transversely polarized Drell-Yan process using the polarization asymmetry, see Refs. [17, 21, 22] . However, the SIDIS processes have the advantage that in high luminosity experiments, cf. [32] , the heavy flavor contributions can be tagged like in deep-inelastic scattering. This is not the case for the Drell-Yan process, where the heavy flavor effects appear as inclusive radiative corrections in the Wilson coefficients. We will therefore mainly consider SIDIS in the following.
As was shown in Ref. [23] , in the region Q 2 ≫ m 2 all non-power contributions to the heavy quark Wilson coefficients obey factorization relations. In the general flavor non-singlet case one obtains for N f light and one heavy quark
where C NS a,q is a light flavor Wilson coefficient and A NS qq,Q is the corresponding massive operator matrix element, cf. [23, 25, 27] , with
Here a s (µ 2 ) = α s (µ 2 )/(4π) denotes the strong coupling constant and |q are light quark states, with on-shell momenta. The local flavor non-singlet twist-2 operator for transversity is given by
, λ r the Gell-Mann matrices for SU (3) flavor , D ν the covariant derivative in QCD, q(q) denote the quark and antiquark fields, and the operator S symmetrizes the Lorentz indices. Note that in Eq. (10) the heavy quark degrees of freedom are all contained in the process independent OMEs.
In case of transversity one obtains the following representation for the heavy flavor Wilson coefficient 4 after expanding Eq. (10) 
Here we made the N f -dependence explicit and use the notation
We dropped all arguments like x, N, m 2 , µ 2 , which are understood implicitly. Additionally, Eq. (14) is written in Mellin space, in which we will work from now on, if not stated otherwise. The assignment of the differing arguments in N f in Eq. (14) is necessary to project onto the heavy quark part.
Following Ref. [27] we consider the Green's functionĜ
which is obtained by contracting the matrix element of the local operator (13) with the source term
where p and s denote the 4-vectors of the momentum and spin of the external light quark line, u(p, s) is the corresponding bi-spinor, ∆.∆ = 0, and Q labels the heavy quark contribution. The un-renormalized Green's function has the following Lorentz structurê
with unphysical constants c k | k=1...5 andm the un-renormalized heavy quark mass. The unrenormalized massive OME is then obtained in Mellin space via the projection ] .
Here N c denotes the number of colors. For the renormalization procedure and different steps to the final representation of the massive OME in the MS-scheme we refer to Ref. [27] . Note that the renormalization of the heavy quark mass is carried out in the on-mass-shell scheme.
3
After mass renormalization the massive flavor non-singlet OME for transversity at O(a 2 s ) is given by [23, 25] ∆ TÂ
Here we dropped all arguments on the r.h.s. S ε is the spherical factor which occurs due to dimensional regularization and is set to one in the MS-scheme. γ (k),TR(N) denote the (k + 1)-loop anomalous dimensions for the non-singlet composite operator (13) . Note that as in Ref. [27] we define the anomalous dimension corresponding to an operator Z-factor via
β 0,Q denotes the heavy flavor contribution to the β-function in lowest order,
with T F = 1/2. Eq. (19) has been expanded up to O(ε) since the coefficient a (2),TR qq,Q enters the 3-loop OME via renormalization. The renormalized OME is given in Mellin space by
in the MS-scheme and ζ k , k ≥ 2, k ∈ N denotes the Riemann ζ-function at integer arguments. The calculation of the 2-loop OME in terms of Feynman-parameter integrals is straightforward, see [25] . For the anomalous dimensions γ we obtain
with C F = (N 2 c − 1)/(2N c ), confirming earlier results, [15] [16] [17] . Here, S k ≡ S k (N) denote the single harmonic sums, [33] . The finite and O(ε) contributions of the un-renormalized OME,
The renormalized 2-loop massive OME (22) then becomes
Corresponding quantities for vector currents were calculated in Refs. [23, 25] . In the limit N → ∞ γ
qq,Q (N), a
qq,Q (N) and A
qq,Q (N) in the vector and transversity case approach each other. This has also been observed for the 2-loop transversity anomalous dimension in Ref. [15] .
The O(a 3 s ) Massive Operator Matrix Element
The renormalized OME for transversity at O(a 3 s ) has the same structure as the flavor non-singlet OME in the case of vector currents, [27] . In Mellin space it is given by
(1),TR qq
in the MS-scheme, performing mass renormalization in the on-mass-shell scheme. Here the expansion coefficients of the β-function and the mass renormalization constants are, cf. [27, 34, 35] ,
with C A = N c , and the NLO anomalous dimension γ
(1),TRreads, cf. [15] [16] [17] , (N) for a fixed number of Mellin moments. The Feynman diagrams were generated by a code based on QGRAF [36] and the color algebra was performed using color.h [37] . The computation is based on FORM [38] codes using MATAD [39] . Since the projector in Eq. (18) has to be applied we can calculate the moments N = 1 to 13, i.e. one moment less than in the vector case in Ref. [27] , given the complexity of the problem and the computer resources presently available. The computation time amounted to about 9 days. The contributions to the 3-loop transversity anomalous dimension,γ (2),TR(N), and the constant part of the un-renormalized massive transversity OME a (3),TR qq,Q (N) are given in the Appendix. In Figure 1 the numerical values of a The present calculation confirms the T F -parts of the transversity 3-loop anomalous dimension, which was calculated for N = 1 to 8 in Refs. [20] for the first time. We also present the moments N = 9 to 13. As a by-product of the present calculation the complete NLO anomalous dimension [15] [16] [17] is confirmed for the moments N = 1 to 13.
Finally, we show as examples the first moments of the MS-renormalized O(a 3 s ) massive transversity OME. Unlike the case for the vector current, the first moment does not vanish, since there is no conservation law to enforce this. One obtains 
with
The structure of the massive OME is similar to the result for the unpolarized case, cf. Ref. [27] , Eq. (5.57). We checked the moments N = 1 to 4 keeping the complete dependence on the gaugeparameter ξ and find that it cancels in the final result. We observe that the massive OME do not depend on ζ 2 5 , as is also the case for the various massive OMEs which were calculated for vector currents in Ref. [27] . The results for the massive OME for the moments N = 1 to 13 and the quantities listed in the Appendix are attached to this paper in FORM-format.
Since the light flavor Wilson coefficients for the processes from which the transversity distribution can be extracted are not known to 2-and 3-loop order, phenomenological studies on the effect of the heavy flavor contributions cannot yet be performed. However, our results can be used in comparisons with upcoming lattice simulations of operator matrix elements with (2+1+1)-dynamical fermions including the charm quark.
Remarks on the Soffer Bound
If the Soffer inequality [29] 
holds for the non-perturbative parton distribution functions at a given scale Q 2 0 one may check its generalization at the level of the corresponding structure functions. In the light-flavor case this has been investigated to O(a s ) for the Drell-Yan process in Ref. [17] . For the heavy flavor corrections studied in the present paper one investigates
where the structure functions are given in Eqs. (3, 5, 7) and by corresponding relations in the longitudinally polarized case. One may try to separate the evolution effects in the parton distribution functions from those of the Wilson coefficients.
The solution of the non-singlet evolution equation for the parton distribution f NS (N, Q 2 0 ) in Mellin space for N f massless flavors reads to 3-loop order, cf. [40] ,
where a 0 = a(Q 2 0 ) and
cf. [41] . The moments of the anomalous dimensions for vector currents are given in Refs. [42] . The evolution operator in the unpolarized and the longitudinally polarized case are the same due to a Ward identity. Therefore it is sufficient to investigate the relation
Up to the O(a s ) corrections (NLO) the validity of this inequality was shown in [17] . Beyond this level only a finite number of Mellin moments can be compared for
, for which the 3-loop transversity anomalous dimension is known [20] , expanding up to O(a 2 s ). This quantity is shown in Figure 2 for the 2-and 3-loop case. The corresponding correction preserves the Soffer bound for characteristic values of a s .
Turning to the effect of the heavy flavor Wilson coefficient in the asymptotic region, Eq. (14), we have to limit the investigation to the massive operator matrix elements since the corresponding light flavor Wilson coefficients were not yet calculated. In Figure 3 we show the difference , Figure 5 , is quite similar to that shown in Figure 4 and a corresponding behaviour of A 
Conclusions
We calculated the flavor non-singlet massive OME for transversity at 2-loop order and for the Mellin moments N = 1 to 13 at 3-loop order. For large scales Q 2 ≫ m 2 the heavy flavor Wilson coefficient can be determined from the light flavor Wilson coefficients and the respective process independent massive operator matrix element computed in the present paper. For flavor non-singlet quantities the heavy flavor corrections start at O(a 2 s ). The measurement of the corresponding scattering cross sections requires high luminosity. In the present calculation we have verified the T F -parts of the 3-loop transversity anomalous dimension for the moments N = 1 to 8 and extended this part up to N = 13. As a general observation we found that both the anomalous dimension and the expansion coefficients in ε computed in the present calculation for transversity approach those in the vector case for large values of the Mellin parameter N. We investigated the compatibility of the results of the present calculation with the Soffer bound on the level of structure functions. While for the evolution operator the Soffer bound is obeyed to 3-loop order, a final conclusion cannot be drawn for the massive operator matrix element at O(a 
Appendix
The T F -contributions to the 3-loop anomalous dimensions for N = 1 to 13 are given by : 
qq,Q of the un-renormalized flavor non-singlet massive 3-loop OME in the vector case [27] and for transversity for N f = 3. 
